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Abstract
We present a detailed analysis of the field-induced optical absorption (FIOA) in
square and triangular lattices based on the tight-binding lattice-electron model
with hopping integrals modulated by the staggered magnetic flux (SMF). The
SMF generates a two-sublattice system with two branches of energy band
in both cases, and the inter-band optical transition dominates the absorption
spectrum. The dependence of the main absorption peak (MAP) frequency and
the absorption spectra weight on the flux parameter δ and chemical potential µ

are discussed in detail.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The orbital dynamics of two-dimensional (2D) lattice electrons coupled to a uniform magnetic
field has shown extremely rich and interesting behaviour (e.g. the well-known Hofstadter’s
butterfly-like spectrum [1]). This system is similar to the perfect network of Aharonov–Bohm
(AB) rings in some aspects. An electron hopping from one site to its nearest neighbours
suffers a phase shift due to the AB effect. Because of the phase shift, the quantum
interference effect occurs and will be reflected in the behaviour of physical quantities which
become periodic functions of the magnetic flux. Compared with a uniform magnetic field,
various spatially modulated magnetic fields can lead to additional interesting physics, e.g. the
interesting transmission behaviour in quasi-1D (one-dimensional) chains [2, 3], the field-
induced metal–insulator transition and d-wave pseudogap opened on the Fermi surface in 2D
square lattices [4], the generic breakdown effect on the symmetries, and the fractal property of
Hofstadter’s spectrum [5].

It is now experimentally possible to construct and detect the inhomogeneous field on the
deep sub-micron scale [6, 7]. Also, recently, adopting a superconductor/ferromagnet hybrid
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system consisting of a superconducting wire network and an array of mesoscopic ferromagnets,
magnetic fields with staggered configurations have been realized experimentally [8–10]. Thus
the properties of quantum systems [2–5] based on quasi-1D or 2D lattices under spatially
modulated magnetic fields are very foreseeable in future experiments.

In connection with the above noninteracting electron systems, an interacting spin or
electron model in the square lattice with appropriate parameters, after taking a particular mean-
field decoupling, can be simplified to a nearly free electronic system under a

√
2×√

2 staggered
magnetic flux [11–13]. Also, a phase with a 1×√

3 staggered magnetic flux has been considered
as the mean-field ansatz [14] for the Heisenberg model in the triangular lattice. In these cases,
the corresponding magnetic flux is related to the minimum energy, and is not a free variable
parameter.

Although the energy spectral and transport properties of lattice electrons under spatially
modulated magnetic fields have been investigated in detail [2–5, 15–17, 10, 18], the
corresponding optical properties of such systems have rarely been explored. It is well
known that the ability of optical absorption in the nearly free particle system depends on its
imperfections or deviations from homogeneity [19]. For example, the inhomogeneity induced
by the crystalline potential leads to optical absorption through interband transitions in metal,
and the deviation from the periodic crystalline potential due to lattice vibration generates the
phonon-induced optical absorption. Obviously, an external staggered magnetic flux (SMF) will
create a special type of inhomogeneity in lattice electron systems, and hence should lead to
SMF-induced optical absorption.

In this paper, we investigate the optical absorption of 2D systems with staggered magnetic
flux (SMF). We first calculate the SMF-induced modification to the electronic dispersion based
on the tight-binding model, with hopping integrals modulated by the magnetic flux. The
obtained energy bands depend on the strength and periodicity of the SMF. As a result of
interaction between the external electromagnetic wave and the electrons with SMF-dependent
dispersion, the optical absorption spectrum will show different behaviour from that in the
absence of SMF. The optical absorption spectrum can be controlled by adjusting the electron
density and the strength of SMF.

The paper is organized as follows. In section 2, the approach of calculating field-induced
optical absorption (FIOA) with the standard Kubo formula is presented. In the following two
sections, we apply the framework to the square and triangular lattices, respectively. A summary
is given in the last section.

2. The approach

In a 2D system, based on the tight-binding model with SMF, the hopping integral ti j of electrons
from lattice point i to lattice point j is modified by a phase factor because electron hopping
from one site to its nearest neighbours suffers a phase shift due to the Aharonov–Bohm (AB)
effect. The corresponding Hamiltonian H can be diagonalized in k-space through Fourier
transformation, which leads to an SMF-dependent multi-band energy spectrum in general.

To study the optical transitions, we introduce the interaction of electrons with an external
electromagnetic (EM) field propagating along the 2D plane. The vector potential of the light,
�A, is also assumed in the 2D plane; its wavelength is much longer than the lattice constant a.

Then the complex conductivity is given by the standard Kubo formula [19]:

σ(ω) = e2h̄

iωπ N

∑

m,n

|〈n|−→j |m〉|2 f (Em) − f (En)

h̄ω+ − Em + En
(1)

where En is the corresponding eigenvalue of the eigenstate |n〉, N is the number of sites, and
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Figure 1. A 2D square lattice with plaquette threaded by alternative flux φ and −φ. Electrons
hopping along (against) the arrows suffer a phase shift of δ/4 (−δ/4), where δ = 2πφ/φ0.

ω+ = ω + i0+. The current operator
−→
j = ∑

τ jτ �eτ , and the component in the τ direction is
defined as jτ = i

∑
i [c†

i+τ ci exp(iφi+τ,i ) − c†
i ci+τ exp(−iφi+τ,i )]. The real part of (1) gives the

optical absorption.

3. FIOA in the 2D square lattice

Consider the two-dimensional square lattice with the SMF [4, 20] as shown in figure 1. From
the topology of the system, we can conclude that it is a two-sublattice system: sublattice A and
sublattice B. Let α† (or β†) denote the creation operator in sublattice A (or B). The Hamiltonian
can be written in k-space as

H = −2t
∑

kσ

(γkα
†
kσ βkσ + H.c.), (2)

where γk = exp(iδ/4) cos kxa + exp(−iδ/4) cos kya, δ = 2πφ/φ0 (φ0 = hc/e is the flux
quantum) is the flux parameter to represent the strength of the SMF, and t is the hopping
integral in the absence of SMF. Through direct diagonalization, we have two branches of energy
spectrum, E1k = 2t|γk | and E2k = −2t|γk |, and the corresponding wave functions |1〉 =
(1/

√
2)(1, |γk |/γk)

T and |2〉 = (1/
√

2)(−1, |γk |/γk)
T. In the following expressions, we denote

γk/|γk | ≡ exp(iθk), and have tan θk = [cos kxa − cos kya]/[cos kx a + cos kya] tan(δ/4).
The current operator

−→
j can also be written in k-space as a 2 × 2 matrix like the

Hamiltonian. Then we calculate the vertex functions, |〈1|−→j |1〉|2 (= |〈2|−→j |2〉|2) and
|〈1|−→j |2〉|2 (= |〈2|−→j |1〉|2), insert them into (1), and obtain the optical absorption

Re [σ(ω)] =
∑

k

(sin2 kxa + sin2 kya)

{[
2 + 2 cos

(
δ

2
+ 2θk

)][
− ∂n1k

∂ E1k
− ∂n2k

∂ E2k

]
δ(ω)

+
[

2 − 2 cos

(
δ

2
+ 2θk

)]
sinh(2βt|γk |)

cosh(2βt|γk |) + cosh(βµ)

1

ω
δ (ω − 4t|γk |)

}
(3)

where n1k = 1/{exp[β(E1k − µ)] + 1} and n2k = 1/{exp[β(E2k − µ)] + 1}.
We introduce phenomenological relaxation time τ to include effects of phonons and

disorder. Then ω+ in (1) should be replaced by ω + i/τ (1/τ is often called the damping
parameter). The corresponding replacements δ(ω) → τ/(1 + ω2τ 2) and 1/ω → ωτ 2/(1 +
ω2τ 2) will be adopted in the subsequent calculations of (3).

From (3) we can see that the optical absorption spectrum is composed of the intra-band
and inter-band transitions within the two branches of the energy bands. The spectra distribution
depends on the flux parameter δ and the chemical potential µ (which is related to the electron



6196 Y Zhao et al

0.0

0.5

1.0

1.5

2.0

 

O
pt

ic
al

 A
bs

or
pt

io
n 

(a
rb

. u
ni

ts
)

 µ=−2
 µ=−1
 µ=−0.5
 µ=0

(a)

 

 

 µ=−2
 µ=−1
 µ=−0.5
 µ=0

(b)

0 2 4 6
0.0

0.5

1.0

1.5

2.0

  

 

ω /t

 µ=−2
 µ=−1
 µ=−0.5
 µ=0

(c)

0 2 4 6
 

 

ω/t

 δ=π/4
 δ=π/2
 δ=π

(d)

Figure 2. Square lattice: FIOA (in arbitrary units) versus frequency (in units of t) for various
flux parameters δ and chemical potentials µ (in units of t). The damping parameter 1/τ = 0.01t .
(a) δ = π/4; (b) δ = π/2; (c) δ = π ; (d) µ = −0.5.

filling factor ν through the integration of the density of states (DOS), namely ν = ∫ µ

εmin
D(ε) dε;

here εmin is the lower limit of the DOS function). We can also see that the optical absorption
rate is not only related to the DOS of the upper and lower bands, but is also determined by the
strong field and momentum dependence of the two vertex functions |〈1|−→j |1〉|2 and |〈1|−→j |2〉|2.

It should be noted that, due to the period and symmetry of the DOS [4], the corresponding
absorption spectrum is a periodic function of δ with a period of π . For δ = 0 (no magnetic
field), we have only one energy band, and our calculation shows that the absorption spectra
weight is concentrated in the Drude weight at low frequency.

In figures 2(a)–(c), the absorption spectra are plotted for δ = π/4, π/2 and π with a
different chemical potential µ. Here the optical absorption is also an even function of µ due
to the symmetry of the DOS. Hence, we consider the case µ � 0 only, and concentrate our
attention on the case δ = π/4. When µ = −2 (in units of t), there is a remnant Drude peak
at low frequency, a low and broad hump at high frequency, and no absorption spectrum in the
intermediate frequency region. When µ changes from −2 to −0.5, the hump at high frequency
grows and shifts to lower frequency, eating up the intermediate gap in the spectrum gradually,
and becomes a big and sharp peak at µ = −0.5. While at µ = 0 (the half-filled case), the
Drude peak at low frequency disappears and is covered by the left wing of the main absorption
peak (MAP). The absorption spectrum weight decreases upon an increase in |µ|. This is due to
the phase space available for electron transition becoming smaller.

We also plot the variations in optical spectrum with δ at a given µ = −0.5 in figure 2(d).
When the flux parameter δ changes from π/4 to π , the position of the absorption peak and
spectra weight are transferred to the higher frequency region, while the height of the peak is
lowered.

In order to consider the evolution of the MAP frequency (�MAP) in the absorption spectra
with the flux parameter δ, we plot the contour plots of FIOA in the δ–ω parameter space
(figure 3). From the darker lines in figure 3, it is easy to verify that �MAP(δ) = 4t| sin δ

2 | except
for the low-frequency cutoff, which is determined by the chemical potential µ. We note that
4t| sin δ

2 | is the frequency difference between two Van Hove singularities (VHS) in the DOS [4].



Field-induced optical absorption 6197

Figure 3. Square lattice: the contour plots of FIOA (in arbitrary units) in the δ–ω parameter space
for different chemical potentials µ: (a) µ = −1.5; (b) µ = −1; (c) µ = −0.5; (d) µ = 0. µ and ω

are in units of t , and the damping parameter 1/τ = 0.01t .

Figure 4. A 2D triangular lattice with plaquette threaded by alternative flux φ and −φ. Electrons
hopping along (against) the arrows suffer a phase shift of δ/2 (−δ/2), where δ = 2πφ/φ0.

For small |µ| and |mod(δ, 2π) − π | (e.g. the case µ = −0.5 and δ = π in figure 2(c)), there
are two VHSs (in the two bands), one below the Fermi level and another above it, hence there
is a MAP in absorption spectra. While for large |µ| or large |mod(δ, 2π) − π | (e.g. the case
µ = −2 and δ = π/4 in figure 2(a)), both VHSs are above or below the Fermi level, there is
only a hump (no MAP).

4. FIOA in the 2D triangular lattice

Consider the two-dimensional triangular system with the SMF [18] as shown in figure 4. From
the topology of the system, we can see that it is a two-sublattice system: sublattice A and
sublattice B. Let α† (or β†) denote the creation operator in sublattice A (or B). The Hamiltonian
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in k-space is

H = −2t
∑

kσ

(
α

†
kσ , β

†
kσ

)(
uk v∗

k
vk uk

) (
αkσ

βkσ

)
, (4)

where uk = cos kxa, and vk = eiδ/2 cos( 1
2 kxa +

√
3

2 kya) + e−iδ/2 cos( 1
2 kxa −

√
3

2 kya).
After direct diagonalization of the Hamiltonian, we also have two branches of energy

spectrum E1(k) = −2tuk + 2t|vk | and E2(k) = −2tuk − 2t|vk | and the corresponding
wave functions |1〉 = (1/

√
2)(1, |vk |/vk)

T and |2〉 = (1/
√

2)(−1, |vk |/vk)
T. In the following

expressions, we denote vk/|vk | ≡ exp(iθk) and have tan θk = − tan 1
2 kxa tan

√
3

2 kya tan δ/2.
The optical absorption is given by

Re[σ(ω)] =
∑

k

{
|〈1|−→j |1〉|2

[
− ∂n1k

∂ E1k
− ∂n2k

∂ E2k

]
δ(ω)

+ |〈1|−→j |2〉|2 sinh(2βt|vk |)
cosh(2βt|uk | + βµ) + cosh(2βt|vk |)

1

ω
δ(ω − 4t|vk |)

}
(5)

where n1k = 1/{exp[β(E1k − µ)] + 1}, n2k = 1/{exp[β(E2k − µ)] + 1}, and the vertex
functions are:

|〈1|−→j |1〉|2 = 16 sin2 1

2
kx a cos2

√
3

2
kya cos2 δ

2
cos2 θk

+ 16 cos2 1

2
kxa sin2

√
3

2
kya sin2 δ

2
sin2 θk

+ 8 sin kxa

(
sin

1

2
kxa cos

√
3

2
kya cos

δ

2
cos θk

− cos
1

2
kxa sin

√
3

2
kya sin

δ

2
sin θk

)

+ 4 sin2 kx a + sin kxa sin
√

3kya sin δ sin 2θk

|〈1|−→j |2〉|2 = 16 sin2 1

2
kx a cos2

√
3

2
kya cos2 δ

2
sin2 θk

+ 16 cos2 1

2
kxa sin2

√
3

2
kya sin2 δ

2
cos2 θk

− sin kxa sin
√

3kya sin δ sin 2θk .

As for the square lattice, the phenomenological relaxation time τ is also introduced to
account for the effects of phonons and disorder. For δ = π/8, the dependence of the absorption
spectrum on the chemical potential µ (i.e. the change in doping density) is shown in figure 5(a).
We note that, when µ = 0 (the half-filled case), the absorption shows a low and broad hump.
When µ changes from 0 to −2 then −3 (hole doping case), the hump disappears gradually.
When µ changes from 0 to 1 then to 2 (electron doping case), the hump increases and gradually
forms a peak.

When the flux parameter increases to δ = π/4 (figure 5(b)), the absorption peak becomes
prominent and its location shifts to the neighbourhood of ω = 3 when µ changes from 0 to 2.
For µ = 3, the peak is replaced by a hump.

As δ increases further to δ = π/2 (figure 5(c)), the peak in the µ = 0 case becomes
more prominent. The absorption spectra for µ and −µ are the same due to the fact that the
DOS [18] is symmetric about energy. In heavily doped regions, for both hole and electron
doping (|µ| > 2.5), the peak is replaced by a hump.
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Figure 5. Triangular lattice: FIOA (arbitrary units) versus frequency (in units of t) for various flux
parameters δ and chemical potentials µ (in units of t). The damping parameter 1/τ = 0.01t . (a)
δ = π/8; (b) δ = π/4; (c) δ = π/2; (d) µ = −2.

Figure 6. Triangular lattice: the contour plots of FIOA (arbitrary units) in the δ–ω parameter space
for different chemical potential µ: (a) µ = −2; (b) µ = −1; (c) µ = 0; (d) µ = 2. µ and ω are in
units of t , and the damping parameter 1/τ = 0.01t .

We also plot the variations of the optical spectrum with δ at a given µ = −2.0 in
figure 5(d). When the flux parameter δ changes from π/8 to π/2, the broad absorption tail
evolves into a peak and the spectra weights are shifted to the lower frequency region.

The contour plots of FIOA in the δ–ω parameter space are plotted in figure 6. From the
darker lines, we can see that the MAP frequencies �MAP satisfy �MAP(δ) = 4t| sin δ| in general.
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Also, the asymmetric cutoffs are related to the multi-VHS structure of the DOS [18]. Similarly
to the square lattice, for small |µ| and small |mod(δ, π)−π/2| (e.g. the case µ = 0 and δ = π/2
in figure 5(c)), there is MAP, otherwise (e.g. the case µ = 3 and δ = π/4 in figure 5(b)) a hump
will replace MAP. The reasons are also similar to the square lattice.

The scheme that we have presented here can also be used to calculate the optical properties
of any 2D lattices under any kind of modulated magnetic field. The optical absorption studies
may provide an approach to detect whether the breaking of time-reversal symmetry happens or
not in a real material, because it will lead to the appearance of SMF or not.

5. Summary

In this paper we have presented a detailed analysis of field-induced optical absorption for the
square and triangular lattices based on the tight-binding model with the hopping integrals
modulated by the magnetic flux. The applied staggered magnetic field generates a two-
sublattice system with two branches of energy bands. We find that the optical absorption
spectrum comes mainly from the interband transition, while the intraband transitions only
contribute to the optical absorption at very low frequency with a conventional Drude peak.
Also, the spectrum is not only related to the DOS of the upper and lower bands, but is also
determined by the strong field and momentum dependence of the vertex functions. The strong
SMF and momentum dependence of the MAP frequency and the absorption spectral weight on
the flux parameter δ and chemical potential µ are also discussed.

Accordingly, through adjusting the two parameters δ (the SMF) and µ (or the
corresponding electron filling factor), we can control the structure, peak location and weight of
the field-induced absorption spectrum.
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